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Given the intersection points of a Jordan curve with the x-axis in the order in which they occur along the curve, the Jordan
sorting problem is to sort them into the order in which they occur along the x-axis. This problem arises in clipping a simple
polygon against a rectangle (a “window”) and in efficient algorithms for triangulating a simple polygon. Hoffman, Mehlhorn,
Rosenstiehl, and Tarjan proposed an algorithm that solves the Jordan sorting problem in time that is linear in the number of
intersection points, but their algorithm requires the use of a sophisticated data structure, the level-linked search tree. We
propose a variant of the algorithm of Hoffman et al. that retains the linear-time bound but simplifies both the primary data

structure and the operations it must perform.
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1. Polygon clipping via Jordan sorting

Let P be a simple n-vertex planar polygon and
let W be a rectangular window in the plane. The
problem of clipping P against W is to compute the
polygon or set of polygons S that bound the
intersection of the interior of P with the interior
of W. The polygon clipping problem is fundamen-
tal in computational geometry and in computer
graphics; it arises, for example, in window mana-
gement and in hidden surface removal [13]. In the
latter application, the problem is actually more
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general, in that both P and W can be polygons
with holes, but our results on the basic problem
extend to the more general problem. In our discus-
sion, we assume that every intersection point of P
and W is a crossing point, i.e., a point where P
crosses from the inside to the outside of W. Our
approach extends easily to handle portions of P
that are tangent to W at points or in line seg-
ments.

The process of polygon clipping divides natu-
rally into two steps:

(1) Find the points of intersection of P and W,

(2) find the polygonal curves into which the
points of intersection divide P and W, and group
these curves to form the set S of output polygons.

Step (1) involves primarily geometric computa-
tion. It can be carried out in O(n) time by pro-
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ceeding from vertex to vertex along P and de-
termining, for each line segment of P, whether
and where it crosses W. An asymptotic running-
time bound of O(n) follows immediately from the
fact that there are O(n) intersection points. Mini-
mizing the constant factor in the running time
involves interesting issues; see, e.g., [8]. This
method of performing step (1) produces the inter-
section points in the order in which they occur
along P, and as a side effect determines the po-
lygonal curves into which the intersection points
divide P.

Step (2), on the other hand, involves primarily
topological computation. The hard part of the
computation is to sort the intersection points into
the order in which they occur along W. Once this
is done, producing the set of output polygons is
straightforward [13].

Much work on polygon clipping has con-
centrated on step (1) at the expense of step (2).
Sutherland and Hodgman [10] mentioned the sort-
ing problem in an appendix; the same appendix
proposes a grouping method that is based on the
computation of shortest paths and that can pro-
duce degenerate nonsimple polygons as output.
Liang and Barsky [7] ignored the need for step (2)
entirely. Weiler and Atherton [13] described a
correct grouping method but did not explicitly
discuss the sorting problem.

If a general sorting algorithm is used to sort the
intersection points, the time for step (2), and hence
for the entire polygon clipping problem, is O(n
log n). From an algorithmic point of view, the
interesting aspect of polygon clipping is that a
general sorting algorithm is not required. Indeed,
step (2) can be performed in O(#n) time, and hence
so can polygon clipping.

Let us abstract the sorting problem slightly to
make it easier to study. Consider a Jordan curve C
in the plane that crosses the x-axis everywhere it
touches it. (A closed Jordan curve is a homeomor-
phic image of a circle. An open Jordan curve is a
homeomorphic image of a line segment. Most
topologists use the term “Jordan curve” to mean a
closed Jordan curve. We extend the term, how-
ever, to mean either an open or a closed Jordan
curve; the key property of Jordan curves is that
they do not have self-crossings. To be concrete,
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one can think of C as a simple polygonal curve.)
Let zy, z,,..., z, be the sequence of intersection
points of C with the x-axis in the order in which
they occur along C. The Jordan sorting problem is
to sort the given sequence z,, Z5,..., 2z, by x-coor-
dinate.

An algorithm for Jordan sorting can be applied
directly to the sorting part of step (2) of polygon
clipping. Jordan sorting is also needed in efficient
algorithms for triangulating a simple polygon
[4,12]. Hoffman, Mehlhorn, Rosenstiehl and
Tarjan [6] devised an O(n) time Jordan sorting
algorithm. The heart of their method is a
sophisticated data structure, the /level-linked search
tree.

Our purpose in this paper is to simplify the
algorithm of Hoffman et al. while preserving the
O(n) time bound. First, we simplify the kinds of
operations needed on the key data structure. We
show that Jordan sorting can be reduced to per-
forming an intermixed sequence of two kinds of
operations on a collection of sorted lists:

(i) insert an item at the front or the back of a
given list;

(i) find an item in a given List and splir the list
just before or just after this item.

The algorithm of Hoffman et al. requires a
third list operation in which a middle section of a
list is split out and the two end sections are
concatenated. Since our algorithm does not re-
quire this third list operation, we obtain a second
simplification: the use of heterogeneous finger trees
to represent the list, in place of level-linked trees
(which implement homogeneous finger trees).

The remainder of the paper consists of three
sections. In Section 2, we reduce the Jordan sort-
ing problem to the list manipulation problem dis-
cussed above. In Section 3 we show that the list
manipulation problem can be solved in O(n) time
using heterogeneous finger trees or any equiv-
alently efficient data structure. Section 4 contains
some concluding remarks.

2. Jordan sorting via list manipulation

Let us review the approach of Hoffman et al.
[6] to the Jordan sorting problem (see also [12]).




Volume 35, Number 2

For notational concision, we interpret the expres-
sion “z; < z,;”" to meun that the x-coordinate of z,
is less than the x-coordinate of z,, We write
{z;,_;, z;» to denote the part of C that goes from
z,_, to z; without crossing the x-axis; thus, if
i =j(mod 2), {(z;_;, z;) and (z;_;, z;) lie on the

same side of the x-axis. We also write (z,,..., z;)
to denote U, .4 < ;{Zks Z41)-
The sequence z;, z,,...,z, gives rise to two

forests, as follows. Assume that {z,, z,) lies above
the x-axis. (If not, reflect C about the x-axis.) For
1<ign, let [,=min{z,_,, z;} and r, =
max{z,_,, z;}. We say that a pair {z,_,, z;} en-
closes a point z \f [;<z<r,. We say that a pair
{zi_1, z;} encloses a pair {z, ,, z;} if i=
j(mod 2) and {z,_,, z,} encloses both z, ; and
z;; thus, (z;_,, z;) lies between (z;_,, z;) and the
x-axis. For any two pairs {z,_,, z;} and {z,_, z,}
such that i =; (mod 2), the simplicity of C im-
plies that each pair encloses an even number of
points (zero or two) of the other. The Hasse
diagram of the “encloses” relation on the set of
pairs {{z,,_1, 25, } |1 <i<|3]} is a forest, called
the upper forest. Similarly, the Hasse diagram of
the “encloses” relation on the set of pairs
({230 Zpar} 11 <i<|3(n—1)]} is called the
lower forest. In both of these forests, we order each
set of siblings by placing {z,_;, z;} before
{z,.1, z;} if r; <1}; this makes each forest into an
ordered forest. By adding a dummy pair { — o, o0}
to each forest, we create two ordered trees, called
the upper tree and the lower tree (see Fig. 1).

A family 1s a set of pairs consisting of a pair
and all of its children (in the appropriate tree).
Suppose that the set of finite pairs in the family is
{zi—v 2} {Zi—1 2y}l 2i o 2, ). 1 the
family does not include the pair { — o0, o0}, then
it corresponds to a simple closed curve formed
from (z, _y, 2, ), {2;,-1, Z;,)s--+>{2;,—1, 2;, ) along
with appropriate parts of the x-axis interconnect-
ing them; the region inside this curve is the family
region. 1f the family includes the pair { — oo, o0},
then it corresponds to a simple open curve formed
from (z; oy 2,0z 20 - (Zim 200
along with parts of the x-axis interconnecting
them and two rays that go from the leftmost curve
to —oo and from the rightmost curve to oco; the
connected region bounded by this curve that con-
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Fig. 1. A Jordan curve and its upper and lower family trees. In
this and the following three figures, the intersection z; of the
curve with the x-axis is labelled ;.

tains no other parts of the x-axis is the family
region. The family region for a family in the upper
tree lies above the x-axis, while the family region
for a family in the lower tree lies below the x-axis
(see Fig. 2).

The Jordan sorting algorithm proceeds incre-
mentally, processing the points z,, z,,..., z, one
at a time and building the upper tree, the lower
tree, and a list of the points in sorted order.
Processing the point z; involves inserting z, into
the appropriate position in the sorted list and, if
i>1, adding {z,_,, z;} to the appropriate tree
(the upper tree if i is even, the lower tree if / is
odd).

4 1 10 7 6 5

Fig. 2. The family region corresponding to {z,, zs} and its
children in the lower family tree of the curve in Fig. 1.
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Before examining the details of this algorithm,
we make a new observation about the family
regions that simplifies the required processing.

Locality lemma (see Fig. 3). Suppose that
Zy, Z3,..., 2; have been processed so far, i.e., the
upper and lower trees have been constructed repre-
senting the part of curve C from z; to z,. Let F be
the family so far constructed containing the pair
{z,_1, z,} as a child, and let R be the correspond-
ing family region; observe that no part of {z,,..., z;)
can lie in the interior of R. Let z,#z,_, be the
point among the points in pairs of F such that z;, and
z, are adjacent, i.e., no point in a pair of F lies
between z; and z,. Consider the point z, where C

first enters R aftjer passing through z; (if C ever
enters R). Then either
(a) z, lies between z; and z;; or
(b) the parent pair in Fis { — oo, oo} and z, and
z,, bracket all finite points in pairs of F other
than z,.

Proof. The proof is by contradiction. Suppose the
lemma were not true. Then there would be two
finite points in pairs of F, say z, and z,, such that
z, but not z, lay between z; and z; (see Fig. 4).
Since R is a path-connected region, there would
be a simple curve S lying entirely inside R con-
necting z, and z,. Curve S, together with
{z;,.... z;), would form a simple closed curve O

AAVa) L 0O

VA Va .

i-1 1i i

Fig. 3. The locality lemma determines where C can reenter

region R after it leaves at z,. At the top, region R is finite, and

C must reenter it between z; and z;. At the bottom, region R

is infinite, and C may reenter it to the right of z; or to the left
of all finite points.

88

INFORMATION PROCESSING LETTERS

29 June 1990

m/\ /\v/\

I p [ka
Lo / /
\ \\ / /
\ AN // //
\ - -
\\ —

S e

Fig. 4. In this illustration of the proof of the locality lemma,
the boundary of region O is dashed. The portion of the
boundary outside R is (z;, z;11),..., {24 _y, 2x)-

with z, on its inside and z, on its outside. The
part of (z;,..., z; ) that connects z, and z, would
have to intersect O. Since R is a family region,
this intersection could not occur on S, so it would
have to occur on (z,...,z.); but this would
violate the simplicity of C. This contradiction

establishes the lemma. O

The locality lemma allows us to represent each
family by one or two lists, called sibling lists.
Consider a family F whose most recently added
pair is {z,_, z;}. If {z,_,, z;} is the parent pair
of F, then F is represented by one sibling list
containing all the pairs in F except {z,_;, z,}. If
{z,_1, z;} is not the parent pair of F, then F is
represented by two sibling lists, one containing all
pairs in F' both of whose points are less than or
equal to z, and the other containing all pairs in F
both of whose points are greater than or equal to
z; (one of these lists may be empty). Sibling lists
never include parent pairs; each finite pair occurs
in two families (once as a parent and once as a
child) but in only one sibling list.

Now we are ready to describe the details of the
Jordan sorting algorithm.

Jordan sorting algorithm. Initialization consists of
creating a sorted list containing — co, z;, z,, z3,
and oo in sorted order, and creating two singleton
sibling lists containing {z;, z,} and {z,, z;).
Repeat the following steps for i from 4 to n:
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Step 1: Let v be the point in the sorted list
preceding z;_,. If i is odd and v = z,, replace v by
its predecessor in the sorted list. (Point z; is in no
pair in the lower family.) Let {z,_;, z;} be the
pair containing v such that i =j(mod 2). [Thus,
{z;_y, 2,y and (z,_, z;) lie on the same side of
the x-axis.] (If v= —o0, let {z,_;, z;} be
{~ o0, 20).)

Step 2: Let w be the point in the sorted list
following z,_;. If i is odd and w = z;, replace w
by its successor in the sorted list. Let {z,_; 2, }
be the pair containing w such that /= k(mod 2).
[Thus, (z4_1, zx) and (z,_, z;) lie on the same
side of the x-axis.] (If w= o0, let {z,_,, z,} be
{— w0, 0))

Step 3: Assume that z;_; < z;; the other case is

symmetric.

(a) [Insert {z,_,, z;} into its proper
place with respect to its siblings to
the left.] If {z,_,, z,} encloses z;_,,
create a new singleton sibling list
containing {z,_;, z;}; otherwise,
insert {z;_,, z;} after {z,_;, z;}
in the sibling list containing {z;_,
z;}. (The locality lemma implies
that {z,_,, z,} is last on this list.)

(b) [Split off any children of { z,_,, z;}.]
If {z,_;, z; } does not enclose z;_;,
split the sibling list containing
{z4_1, z;} into two lists, one con-
taining all pairs whose points are
less than z,, the other containing all
pairs whose points are greater than
z,. (The locality lemma implies that
{241, 2z, } 1s first on its sibling list
before the list is split.) One or the
other of the split lists may be empty.

(c) [Insert z; into its proper place in
the sorted list.] If {z,_,, z;} has no
children, insert z, immediately after
z,_; in the sorted list. Otherwise, let
{zm_1» Z,,} be the rightmost child
of {z;_1, z;}; insert z, immediately
after z,, in the sorted list.

(see Fig. 5).

INFORMATION PROCESSING LETTERS

29 June 1990

VNI AV

DN Y oziqdy
(i (i)
)
AVAVA N NKANEA
T Ziy zix T iy Tm

(iii) (iv)

Fig. 5. Ilustration of Step 3 of the algorithm. In (i) and (ii),

substep (a) creates the singleton sublist {z, ;. z;}; in (iii) and

(iv), substep (a) adds {z,.,, z;} after {z,_,, z,}. In (1), (iil),
and (iv), substep (b) splits off zero or more children of

{zl—l’ ZI}'

The correctness of this algorithm follows from
the locality lemma and other properties of Jordan
curves. Let us make a few comments about the
data structures needed to implement the al-
gorithm. We assume the input is given in the form
of a doubly linked list, with next(z) and prev(z)
being the successor and predecessor of intersec-
tion point z along C, respectively. The output is
also represented by a doubly linked list, with
after(z) and before(z) being the successor and
predecessor of intersection point z along the x-
axis. In addition, a bit even(z,) indicates for each
intersection point z; whether i is even or not.
With this representation, it is not necessary to
construct the pairs explicitly. A pair {z,_,, z;}
can be represented just by z, ,, since z;=
next(z,_,) is computable in constant time. Each
of the sibling lists is then just a list of intersection
points, rather than a list of pairs of points.

The total space requirements of the algorithm
are four pointers and one bit per point, plus
whatever space is necessary to represent the si-
bling lists. The running time of the algorithm is
O(n) plus the time needed to perform O(n) inser-
tion and split operations on sibling lists. In the
next section we discuss a data structure for repre-
senting the sibling lists that requires O(n) time
and space for the list operations.
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3. Insertion and splitting operations on sorted lists

We have reduced the Jordan sorting problem to
a pure problem in data structures, which we can
formulate as follows. Maintain a collection of
sorted lists whose items are selected from a totally
ordered universe U, subject to the following three
kinds of operations:

(i) make-list(x): Create a new singleton list
containing x.

(1) insert{x, y): If x <y, insert x at the front
of the list containing y; in this case, y must
initially be at the front of its list. If x > y, insert x
at the back of the list containing y; in this case, y
must initially be at the back of its list.

(iii) splir(x, L): Split list L into two lists, one
containing all items less than or equal to x and
the other containing all items greater than x.

A sequence of m intermixed operations is to be
performed on an initially empty collection of lists.
We seek a list representation such that the total
time for m operations is O(m).

A suitable list representation is the heteroge-
neous finger tree. This is a balanced search tree in
which the pointers along the two ribs of the tree
(the paths from the root to the first and last nodes
in symmetric order) go up instead of down. We
omit a detailed description of the data structure,
since it can be found elsewhere [12]. Heteroge-
neous finger trees support the desired list oper-
ations in the following amortized time bounds:
OQ) for make-list and insert, and O(log(min{/ —
k, k} +2)) for split, where | is the size of the
input list and & and /— k are the sizes of the two
output lists. By “amortized” time bounds we mean
that for any sequence of operations, the sum of
the amortized time bounds is an upper bound on
the sum of the actual times. See Tarjan’s survey
paper [11] for a thorough discussion of amortiza-
tion.

The amortized time bound for split is too large
to conclude immediately that the total time for a
sequence of m operations starting with no lists is
O(m). By using an extra amortization argument,
however, we can reduce the amortized time of split
to O(1). The reasoning is the same as that used by
Goldberg and Tarjan [5] to charge splitting time
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to concatenations. (In our case this time is charged
to insertions.)

We use the idea of a potential function [11]. We
define the potential of a list of size / to be ¢(/ ~
log /), where ¢ is the constant in the amortized
time bound for splitting, and the base of the
logarithm is two. We define the total potential of a
collection of lists to be the sum of their potentials,
and the nominal time of a list operation to be its
amortized time bound plus the net increase in
potential it causes. For any sequence of list oper-
ations, the sum of the nominal times equals the
sum of the amortized time bounds plus the final
total potential minus the initial total potential.
The initial total potential is zero (there are no lists
initially) and the final total potential is nonnega-
tive. Thus the total time required to perform any
sequence of m list operations i1s at most the sum
of the nominal time bounds.

The nominal time to initialize a list is O(1). The
nominal time for an insertion is also O(1), because
its amortized time is O(1) and the increase in
potential when the list grows from length / to
I+1is

c({+1—log(/+1)—1I+1log!)

= C(l +10g%)
<c=0(1).

Finally, the nominal time for a split is O(1); when
sublists of sizes k > 1 and / — k > 1 are formed by
a split, the amortized time is c(log(min{k, /— k)
+ 2)), and the potential increase is

c(k—log k+ (/~k)—log(l—k)—1I+log I)
=c(—log k —log(/—k) +1log )

l

=c| ~logmin{k, 1=k} +log oy

<c(—log min{k, /—k}+1),
since /<2 max{k, /—k}. Therefore the sum of

the amortized time and the potential increase is at
most 3¢ = O(1). Since the nominal time for each
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kind of list operation is O(1), the total time for m
list operations is O(m), as desired.

4. Remarks

The Jordan sorting algorithm can be extended
easily to two related problems: the recognition
problem, i.e., testing whether a given sequence can
arise as the sequence of intersection points of a
Jordan curve with the x-axis (see [6]), and the
problem of Jordan sorting with error-correction
required by the efficient triangulation algorithm of
Tarjan and Van Wyk [12]. Neither extension af-
fects the O(n) time bound.

There are two obvious ways to apply the Jordan
sorting algorithm to clip a polygon against a con-
vex window. Sutherland and Hodgman [10] sug-
gest that the polygon be clipped sequentially
against each line that contains a side of the
window; the set of polygons resulting from clip-
ping against each side becomes the input for clip-
ping against the next side. It may, however, be
more efficient to clip the polygon against the
entire window at once. To do this, we need only
be able to compare two intersection points with
respect to their order around the window
boundary. If we choose a point on the window
boundary as the origin, a point on the interior as
the center, and a direction in which the order
increases (say clockwise), then we can perform
each comparison in O(1) time by computing the
angles of the rays joining the center to the points
to be compared.

Throughout this paper, and particularly in the
preceding paragraph, we have ignored the time
required to find the points of intersection between
the n-sided polygon P and the window W. If W
has a fixed number of sides, then all of the inter-
section points can be found in O(n) time, by a
generalization of the method described in Section
1. If W is convex and has k sides, then we can
traverse P to find the intersection points, using a
binary search algorithm on the sides of W to
discover whether each vertex lies inside or outside
the polygon and where each edge of p intersects
W; the total time for this method is O(n log k). If
W is not convex, then the number of intersections
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I between P and W is O(nk); the algorithm of
Chazelle and Edelsbrunner [3] can be used to find
all I intersections in O(J+ (n+ k) log(n + k))
time, and in fact produces enough information to
perform step (2) directly.

To summarize, when the clipping window W
has a fixed number of sides, step (1) can be
performed in O(n) time, so the complexity of step
(2) determines the complexity of any polygon clip-
ping algorithm. When W has a variable number of
sides or is not convex, however, the dominance of
step (2) in the complexity of a polygon clipping
algorithm is no longer so obvious.

As noted in the paper by Hoffman et al. [6], the
use of the splay tree [9], a self-adjusting form of
search tree, gives a very simple algorithm for
Jordan sorting that may run in linear time. This
method may well be preferable in practice to the
algorithm we have presented, even though the
linear-time bound for the method based on splay
trees remains only a conjecture.

For completeness, we remark that another pro-
posed simplified Jordan sorting algorithm [1] is
incorrect [2].
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